Introduction
Fluid flow in microchannels has emerged as an important research area. This has been motivated by their various applications such as medical and biomedical use, computer chips, and chemical separations. The advent of microelectromechanical systems ͑MEMSs͒ has opened up a new research area where noncontinuum behavior is important. MEMSs refer to devices that have a characteristic length of less than 1 mm but greater than 1 m, which combine electrical and mechanical components and which are fabricated using integrated circuit fabrication technologies.
Microchannels are the fundamental part of microfluidic systems. In addition to connecting different devices, microchannels are also utilized as biochemical reaction chambers, in physical particle separation, in inkjet print heads, in infrared detectors, in diode lasers, in miniature gas chromatographs, or as heat exchangers for cooling computer chips. Nominally, microchannels may be defined as channels whose characteristic dimensions are from 1 m to 1 mm. Typical applications may involve characteristic dimensions in the range of approximately 10-200 m. Generally, above 1 mm the flow exhibits behavior that is the same as continuum flows. The annular cross section is one useful channel shape and has potential practical applications in MEMS. Understanding the heat transfer characteristics of annular microchannel flows is very important.
The Knudsen number ͑Kn͒ relates the molecular mean free path of gas to a characteristic dimension of the duct. Knudsen number is very small for continuum flows. However, for microscale gas flows where the gas mean free path becomes comparable with the characteristic dimension of the duct, the Knudsen number may be greater than 10 −3 . Microchannels with characteristic lengths on the order of 100 m would produce flows inside the slip regime for gas with a typical mean free path of approximately 100 nm at standard conditions. The slip flow regime to be studied here is classified as 10 −3 Ͻ KnϽ 10 −1 .
Literature Review
Rarefaction effects must be considered in gases in which the molecular mean free path is comparable to the channel's characteristic dimension. The continuum assumption is no longer valid and the gas exhibits noncontinuum effects such as velocity slip and temperature jump at the channel walls. Traditional examples of noncontinuum gas flows in channels include low-density applications such as high-altitude aircraft or vacuum technology. The recent development of microscale fluid systems has motivated great interest in this field of study. Microfluidic systems must take into account noncontinuum effects. There is strong evidence to support the use of Navier-Stokes and energy equations to model the slip flow problem, while the boundary conditions are modified by including velocity slip and temperature jump at the channel walls.
The small length scales commonly encountered in microfluidic devices suggest that rarefaction effects are important. For example, experiments conducted by Pfalher et al. ͓1,2͔, Harley et al. ͓3͔, Choi et al. ͓4͔, Arkilic et al. ͓5, 6͔, Wu et al. ͓7͔, and Araki et al. ͓8͔ on the transport of gases in microchannels confirm that continuum analyses are unable to predict flow properties in microsized devices.
Arkilic et al. ͓5,6͔ investigated helium flow through microchannels. The results showed that the pressure drop over the channel length was less than the continuum flow results. The friction coefficient was only about 40% of the theoretical values. The significant reduction in the friction coefficient may be due to the slip flow regime, as according to the flow regime classification by Schaaf and Chambre ͓9͔, the flows studied by Arkilic et al. ͓5, 6͔ are mostly within the slip flow regime, only bordering the transition regime near the outlet. When using the Navier-Stokes equations with a first-order slip flow boundary condition, the slip model with full tangential momentum accommodation fits the experimental data well.
Maurer et al. ͓10͔ conducted experiments for helium and nitrogen flow in 1.14 m deep 200 m wide shallow microchannels. Flowrate and pressure drop measurements in the slip and early transition regimes were performed for averaged Knudsen numbers extending up to 0.8 for helium and 0.6 for nitrogen. The authors also provided estimates for second-order effects and found the upper limit of slip flow regime as the averaged Knudsen number equals 0.3Ϯ 0.1.
Aubert and Colin ͓11͔ studied slip flow in rectangular microchannels using the second-order boundary conditions proposed by Deissler ͓12͔. In a later study, Colin et al. ͓13͔ presented experimental results for nitrogen and helium flows in a series of silicon rectangular microchannels. The authors proposed that the secondorder slip flow model is valid for Knudsen numbers up to about 0.25.
A variety of researchers have attempted to develop secondorder slip models that can be used in the transition regime. However, there are large variations in the second-order slip coefficient. The lack of a universally accepted second-order slip coefficient is a major problem in extending Navier-Stokes equations into the transition regime ͓14͔.
Slip flow heat transfer in circular tubes was investigated by Sparrow and Lin ͓15͔, Barron et al. ͓16͔, Ameel et al. ͓17͔, Larrode et al. ͓18͔, and Simek and Hadjiconstantinou ͓19͔. Yu and Ameel ͓20,21͔ and Tunc and Bayazitoglu ͓22͔ studied slip flow heat transfer in rectangular microchannels. In these analyses both uniform wall temperature and uniform wall heat flux boundary conditions were considered. Larrode et al. ͓18͔ provided an analytical solution for thermally developing flows in a circular tube under constant wall temperature. Yu and Ameel ͓20,21͔ investigated thermally developing flows in rectangular microchannels for both constant wall temperature ͓20͔ and constant heat flux ͓21͔ conditions. Local and fully developed Nusselt numbers were obtained for hydrodynamically fully developed flow. Tunc and Bayazitoglu ͓22͔ performed an analytical study of convective heat transfer in a rectangular microchannel under constant heat flux. The flow was assumed to be fully developed both thermally and hydrodynamically. Convection heat transfer in annular macrochannels has been extensively investigated by numerical and analytical methods over the years ͓23͔. However, no attempt has been made for solving the same problem in microchannels. With the development of microscale thermal fluid systems, there is a need to investigate slip flow heat transfer in annular microchannels.
Theoretical Analysis
It is necessary to first examine the velocity problem since the heat transfer analysis requires knowing velocity distributions. A schematic of the annular duct section is provided in Fig. 1 . When the microchannels are long enough ͑L / D h 1͒ and Reynolds number is relatively low, the momentum equation reduces to the form
ͪ= dp dx ͑1͒
The velocity distribution must satisfy the slip boundary condition at the walls. The local slip velocity is proportional to the local velocity gradient normal to the wall. The corresponding slip boundary conditions are therefore
where is the molecular mean free path. The constant denotes tangential momentum accommodation coefficient, which is usually between 0.87 and 1 ͓24͔. Although the nature of the tangential momentum accommodation coefficients is still an active research problem, almost all evidence indicates that for most gas-solid interactions the coefficients are approximately 1.0. Therefore, may be assumed to have a value of unity. The same procedure is valid even if 1, defining a modified Knudsen number as Kn* =Kn͑2−͒ / . The characteristic length scale in the present analysis is defined as the hydraulic diameter, such that
A solution of these equations yields
The mean velocity is found by integration of Eq. ͑5͒ across the section of the duct:
With the velocity solution, we may now consider the heat transfer problem. 
Uniform Wall Heat
Solving for dT / dx and substituting into Eq. ͑7͒ gives
Due to the effect of rarefaction, there is a temperature jump between the wall surface temperature T w and the contiguous gas temperature T. The appropriate boundary conditions are
in which T represents a thermal accommodation coefficient measuring the extent to which the energies of molecules impinging on a surface are affected by contact with the surface. T is usually between 0.32 and 1 ͓24͔ and close to unity for typical engineering surfaces, but it may reduce to the order of 10 −1 for especially clean surfaces. Pr and ␥ denote the Prandtl number and specific heat ratio, respectively. With these boundary conditions, the temperature distribution can be obtained. In order to determine the local heat transfer coefficient and Nusselt number, the bulk temperature T b is needed and may be obtained as follows:
After integration we can obtain the Nusselt number as
The solution requires several pages to show the complete Nusselt number expression. It is very space consuming and therefore must be omitted here. However, it is available from the authors upon request. In the limit of Kn→ 0, Eq. ͑13͒ reduces to its continuum flow solution: 
͑14͒
Assuming =1, T = 1, Pr= 0.71, ␥ = 1.4, we can obtain the relationship of Nu and Kn. Figure 2 shows the variation of Nusselt numbers for uniform wall heat flux on the inner wall, adiabatic on the outer wall for annular ducts, where the Nusselt number data have been normalized with the continuum flow Nusselt number. It is seen that the Nu/ Nu c values decrease as the Knudsen number increases for the same radius ratio. The Nu/ Nu c values also decrease with a decrease in for the same Kn. The fully developed Nusselt numbers for different Knudsen numbers are presented in Table 1 . It is noted that Eq. ͑13͒ reduces to its corresponding continuum flow results ͓23͔ in the limit of Kn→ 0.
Uniform Wall Heat Flux on the Outer Wall, Adiabatic on the Inner Wall (q i =0, q o = q).
For thermally fully developed condition with uniform wall heat flux, from an energy balance on a length of duct dx,
Eliminating ‫ץ‬T / ‫ץ‬x from Eqs. ͑7͒ and ͑15͒ and rearranging
Due to the effect of rarefaction, the appropriate boundary conditions are 
With these boundary conditions, the temperature distribution can be obtained in the same manner as the previous case. After integration the bulk temperature T b using Eq. ͑12͒ we can obtain the Nusselt number as
As before the solution requires several pages to show the complete Nusselt number expression. In the limit of Kn→ 0, Eq. ͑19͒ reduces to its continuum flow solution: 
͑21͒
Assuming =1, T = 1, Pr= 0.71, ␥ = 1.4, we can get the relationship of Nu and Kn. Figure 3 shows the variation of Nusselt numbers for uniform wall heat flux on the outer wall, adiabatic on the inner wall for annular ducts. It is seen that the Nu/ Nu c values decrease as the Knudsen number increases for the same radius ratio. The Nu/ Nu c values increase with a decrease in for the same Kn. The fully developed Nusselt numbers for different Knudsen numbers are demonstrated in Table 2 . It is seen that Eq. ͑19͒ reduces to its corresponding continuum flow results ͓23͔ in the limit of Kn→ 0.
Uniform Wall Heat Flux on Both Walls (q i Å 0, q o Å 0).
The corresponding boundary conditions are
As the boundary conditions are nonhomogeneous, solutions for these boundary conditions can be obtained by the principle of superposition once the solutions for each boundary condition are derived. Consider the problem as two components ͑1 and 2͒: Problem 1
The boundary conditions are Transactions of the ASME
The boundary conditions are
Due to the effect of rarefaction, there is a temperature jump between the wall surface temperature T w and the contiguous gas temperature T. In mathematical terms, the boundary conditions are as follows:
applying the principle of superposition
The solutions of Problems 1 and 2 have been correspondingly obtained from the above cases ͑͑i͒ and ͑ii͒͒; therefore superposition of these solutions is the solution of the original problem. Nu i and Nu o are evaluated at the inner and outer walls, respectively. For convenience, we may define two parameters i , o ,
The solutions for the Nu i and Nu o are quite involved. The program MAPLE was used to assist in the computation. It is extremely space consuming and therefore must be omitted here. However, they are available from the authors upon request. Moreover, when q i = q o , the limit of Eqs. ͑39͒ and ͑41͒ that corresponds to a parallel-plate channel for → 1 is Now, we consider two special cases of specified constant wall heat fluxes in order to compare with the available continuum flow results in the open literature ͓23͔. Two special cases of specified constant wall heat fluxes are ͑A͒ constant and equal axial heat fluxes specified on both walls such that at any axial location the peripheral wall temperatures are constant but different at the inner and outer walls; ͑B͒ constant but different wall heat fluxes specified on both walls such that at any axial location the peripheral wall temperatures at the inner and outer walls are constant and equal. Note that the heat flux is specified as positive if the heat transfer is from the wall to the fluid. The fully developed Nusselt numbers for both these cases are presented in Tables 3-6 . A negative Nusselt number means that heat transfer takes place from the fluid to the wall. An infinite Nusselt number at the inner wall means T wi = T b only and does not mean infinite heat flux. It is noted that Eqs. ͑39͒ and ͑41͒ reduce to its corresponding continuum flow results ͓23͔ in the limit of Kn→ 0.
Results and Discussion
Due to the temperature jump boundary condition, the bulk gas temperature of slip flow is lower than the gas temperature of continuum flow. The temperature jump is equivalent to a thermal contact resistance between the wall and gas, while the slip velocity acts to decrease the thermal contact resistance. The velocity slip and temperature jump bring about opposite effects on the temperature difference between the gas and the wall; the velocity slip tends to decrease the temperature difference between the gas and the wall, while the temperature jump tends to increase the difference. It is clear that the effects of velocity slip would tend to increase the Nusselt number, while the temperature jump would act to decrease the Nusselt number.
Larrode et al. ͓18͔ studied slip flow heat transfer in circular tubes and Yu and Ameel ͓20,21͔ investigated slip flow heat transfer in rectangular microchannels. They proposed that heat transfer could be increased or decreased compared to continuum flow conditions depending on ␤ and Knudsen number, where ␤ is defined as
and includes all of the parameters associated with the gas and wall interaction.
Actually, only when ␤ and Knudsen number are very small ͑such as ␤ Ͻ 0.3 for parallel plates and ␤ Ͻ 0.8 for circular tubes͒ does it appear possible for the effects of velocity slip to win out over the opposite effects of the temperature jump and thus make a Nusselt number greater than the continuum flow value. In other words, when the tangential momentum accommodation coefficient is significantly smaller than thermal accommodation coefficient, the Nusselt number will be greater than the continuum flow value. However, for practical engineering applications, it is extremely difficult to realize and heat transfer is always reduced when slip flow occurs. Transactions of the ASME For small ␤, the velocity slip dominates and heat transfer is enhanced. At large ␤, the temperature jump dominates and heat transfer is weakened. When the temperature jump at the wall is neglected ͑␤ =0͒, in other words, only the velocity slip at the wall is considered, the Nusselt number increases with an increase in Knudsen numbers. The same results were found by several researchers ͓16,17,19-21͔. Ignoring temperature jump will lead to significant overprediction of heat transfer.
Conclusion
This paper investigated slip flow heat transfer in annular microchannels with constant heat flux under hydrodynamically and thermally fully developed condition. The analysis is carried out for both uniform wall heat flux on one wall, adiabatic on the other wall, and uniform wall heat flux on both walls. The results indicate that the slip flow Nusselt numbers are lower than those for continuum flow and decrease with an increase in Knudsen number for most practical engineering applications. Only when ␤ are very small is it possible for the effects of velocity slip to override the opposite effects of the temperature jump and thus make a Nusselt number greater than the continuum flow value. The effects of Knudsen number, radius ratio, and heat flux ratio on heat transfer characteristics are discussed, respectively. 
